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LOGARITHMS
Logarithms were developed for making complicated calculations simple.
advent of computers and hand calculators, doing calculations with the use o

However, with the
f logarithms is no

Jonger necessary. But still, logarithmic and exponential equations and functions are very common

in mathematics.

Logarithms
To learn the concept of logarithm, consider the equality 23 = 8, another way of writing this is

log, 8 =3.

to log, 8 = 3. In general, we have:

Itis read as “logarithm (abbreviated ‘log’) of 8 to the base 2 is equal to 3”. Thus, 23 =8 is equivalent

Definition. If a is any positive real number (except 1), n is any rational number and a" = b, then

n is called logarithm of b to the base a. It is written as log , b (read as log of b to the base a). Thus,

Remarks

a

(.

a" = b if and only if log ;b =n.
"= bis called the exponential form and log,b =n is called the logarithmic form.
For example:
(i) 32 =09, logz9 = 2.
(i) 5¢ = 625, - logs625 = 4.
(i) 70 =1, log,1 = 0.
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@ 0y = gp =00 - log;p(0.01) = -2.

Since 4 is any positive real number (except 1), a” is always a positive real number for every
rational number 7 i.e. b is always a positive real number, therefore, logarithm of only positive

real numbers are defined.
Since a® = 1, log,1 =0and al =4, log,a=1.
Thus, remember that
(i) log,1=0 (i) log ,a=1
where a is any positive real number (except 1).
If log ,x = log .y = 1 (say), then x = atandy=a",sox =Y.
Thus, remember that
log,x=log,y= x=1Y.
Logarithms to the base 10 are called common logarithms.
If no base is given, the base is always taken as 10.

For example, log 2 = log;(2.




LLusTATVE EXAUPLES

Example 1. Convert the following to logarithmic form:
(i) (10)* = 10000 (i) 3¥=x
Solution. (i) (10)* = 10000 = log, 10000 = 4.
(ii) 37 = x = logzx = -5.
(iii) (0.3)% = 0.027 = log 3(0.027) = 3.

Example 2. Convert the following to exponential form:
(i) log;81 =4 (if) logg32 = g
Solution. (i) log;81 =4 = 34 =81.
(ii) logg32 = -;3 = (8)5/3 =32,

(i) 10gy(0.1) =-1 =5 (10)~1 = 0.1

(iii) (0.3)3 = 0.027.

(iii) logq9(0.1) =—1.

Example 3. Find the value of the following (by converting to exponential form):

(1) log,16 (i1) log162
(@) log;8 (v) logs (0.008).

Solution. (i) Letlog,16 =x = 2¥ =16 = 2¥ = (2)*=> x =4,
log,16 = 4.
(i) Let log2=x=16¥=2=(24*=2

= 24=2logy=1=x= %

log 42 =

[N

(iii) Let log; % =x:>3x=% = =@ = x=-1,

10g3 % = —1.

() Let log 58=x= (V2)'=8= (21/9x =23

= 2%/2=23 o .;‘_ =3=x=6,

log 5 8=6.

(v) Let logs(0.008) = x = 5% = 0.008
x:i X:L X = -3 = —
B A 1600 =5 o =5*=(5)"=x=-3,

logs(0.008) = -3.
Example 4. Find the value of x in each of the following:

[STR N )

(1) logy,x=5  (ii) loggx=25 (iii) loggy x =
Solution. (i) log, x=5 = x =25 = x=32.

(ii) logy x =2.5 = x = 425 = x = (22)5/2

5
2_
= =D *2 =>x=2° = x=32

(i) logs %

(iv) log JBr=4
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(iif) logea ¥ = 3 =X =(64)/3 = x = (43)2/3
2
3x=
= x=4 3 2x=42 =y =14
(jz)) logﬁ .\‘=4:>.\‘=(\/§)4 3x=(3'l/2)4
- x=32>=x=09,

Example 5. Solve for x:
(i) logy 243 =-5 (ii) logg27 = 2x + 3 (iti) log, (x?—4) = 5.
Solution. (i) Given10g, 243 = -5 = x5 = 743

s (s -]

L =3 SDax= l.
X 3

(ii) Given logg27 =2x +3 = 92x+3 = 27 (32)2x+3 _ 33

=2

—  322x+3) =33 OB S s g
- 4dx=-3=x=-3,
4
(iii) Givenlog, (x2—4)=5=x2 4 =25

> 2-4=232=x2=36=x=4+6,

%= EXERCISE 2.2

1. Convert the following to logarithmic form:

(i) 52=25 (i) a°=64 (i) =1
(i) 32= % (v) 102=0.01 (vi) (81)3/4=27.

2. Convert the following into exponential form:

(i) log,32=5 (i) logy 3 =-1 (iif) logg4 = %
(iv) logy(0.001) = -3 (v) log,0.25 = -2 (vi) log, G) e
3. By converting to exponential form, find the values of:
(i) log,16 (ii) log,8 (iii) log;(0.01)
(iv) log, 1 (v) log, 5256 (vi) log,0.25
7
4. Solve the following equations for x:
(i) logzx=2 (ii) logyox = -2 (iii) log, 1 =-1
4
(fv) logg, x = % (v) loggx=-15 (vi) log 5 (x+1)=2
(vid) log, (2x + 3) = % (viii) logy(x2-1) =3 (ix) log x =-1
(%) logx=-2,0, 1 ’
3
Answers
L (i) logs25=2 (ii) log,64=5 (iii) loggl=0

: 1
(iv) log; 1 =2 (v) logyy0.01 = -2 (vi) loggy27 =




2
2. () =3 (i) 31 = % (iii) (8)3 =4
1
(iv) 10-3=0.001 (v) 2-2=0.25 (vi) a7 = —
3() 4 (i) .32_ (ifi) -2 (iv) -1 (v) -8 (vi) -2
4. (i) 9 (if) 0.01 (iii) 4 (iv) 729
1 2 vili) +3
(v) 3 (vi) 2 (vii) = (
. 1 1 3
) — —, 1,410
(i) 10 ®) 100
THREE STANDARD LAWS OF LOGARITHMS
O log;mn=logm+logn amneRamn>0a#1 [Product Law]
The above result is capable of extension i.e.
log, (mnp...) =log, m +log,n +log,p + ...
O log, = =log;m-log,;n. a,mmneR,amn>0a%#1 [Quotient Law]
n
log,m" =nlog,m. amneR am>0a+1 [Power Law)
Deductions
1. log,a* =x 2, qaloga* =y,
Base changing formula
1
l"gam=1(;gg+'z. m>0,a,b>0,a#1,b=1.
Deductions
1. log, m =log, m x logy, a.
2. logyaxlog,b=1, (Putm=bin1)
o logyi= log, b ° (Reciprocal formula)

LILLUSTRATIVE EXAMPLES |8

Example 1. Expand the following:

: a’pb y 4x5
0 log, (22) ) logy 25
apb
Solution. (i) log, [jcg = ) = logy, 4% + log;, b® - log;, ¢ - log;, a4

=alogba+blogbb—clogbc—dlogbd
=alogba+b.1—clogbc—dlogbd
=b+alogba—clogbc—dlogbd.

o 4x6 (22 46
(ll) logb ('97] = lOgb [32—;?] = logb 22 . x6 - logb 32 3 y7

=logj, 22 + logy, x° - (log;, 32 + log, y7)

=2log; 2 +6log, x-21log, 3 -7 log, v.

(Quotient law and product law)

(Power law)
(+ logyb=1)

(Quotient law)

(Product law)




Example 2. Simplify the following:

;
| (i) loggga+ 1019 b +logsg c3 (ii) log,a—log, b? + log, c3—log, a4
| solution. (i) 10g10 @ + logyg b% + logy c® = log (a.b2.3) (Product law)
(if) log, a—logy b? + log, ¢ - log, d* (Power law)
=log, a—2log,b+3log.c-4log,d (Power law)
=1:21$31541==-2, (- log,a=1)

a’c
Example 3. Express 10879 Nl terms of log;oa, log10b, logygc.

2C
Solution. logy %—b_ = logyo#%c - logy Vb [Quotient Law]
1

= logyg 42 + logyg ¢ - logyg (b)2 [Product Law]
=2logjpa +logygc— % log b. [Power Law]

Example 4. Evaluate: 3 + 10819 (10-2).
Solution. 3 + log;((1072) =3 + (=2) log;( 10 [Power Law]
=3+(-2).1 [ log;p10=1]

=3-2=1.

Example 5. Evaluate the following:

. log125 i i
@ Tog 75 (if) logg72 - logs?2 (iii) log,8 —logg32.

log 125 log 52 _ 3log5 &

Solution. (i) = =
log J5 log 51/2 %log 5

6.

(ii) logg72 —logg2 = logs % = log, 36 = log62

=2logg6=2x1 (- log,a=1)
| =2.
(iii) log,8 —logg32 = log,23 - logy 25 = log, (22)%/2 - logy (23)5/3

= log,43/2 - logy85/3 = % log,4 - g logg8

3 5 L
=-2-x1—§x1 (" log,a=1)
PRI o PR

2 3 6 6

Example 6. Express as a single logarithm: 2 + % log199 — 2 log195.

Solution. 2 + % logyg9 -2 log15=21+ % logy9 - 2 log105

= 21og;(10 + logyq (9)1/2 - logy(5)? [ logyp10=1]

= logy(10)? + logyy3 — log1¢25

2
(10 x 3 - log 100 x 3

=logyp - 10 = logyo 12.



o indn.
Example 7. Iflog 7 - log 2 + log 16 - 2 log 3 ~log = =1+logn,fi

1 = log n
Solution. Given log 7 - log 2 + log 16 -2 log 3 - log - 1 +log

4 [ log1g .
= log7-log2 +log16 - log(3)* - log o =log10 + log n 810\”
7x16%45 _1 . 10m
= log——7§1—67—=log(10xn):>log %027 0g
2X32XE

= log40=1logl0n=40=10n=>n=4

- 9,4
Example 8. If 3 log \/m +2log 3n —1=0, find the value of m’n=.

Solution. Given 3 log Jm +2log In-1=0
= log (Jm )3 +log (¥n )2 =1
= log (m3/2x n2/3) =log 10 [~*log 0=,
= m3/2 n2/3 =10, raising both sides to the power 6, we get
(m3/2 n2/3)6 = 106
= (m3/2)6.(n2/3)6 = 106 = mnt = 106.
Example 9. Simplify the following:
(i) log (log x?) - log (log x) ~ (ii) logya . log. b . log,c (ii) log, (log, (log, 16)).

log x

2logx| _ lowd

Solution. (i) log (log x?) - log (log x) = log (21og x) - log (log x) = log = log2.

} (if) logy a.log, b.log, c = (log; a.log, b).log, ¢ = log, a.log, c = 1.
(iii) log, (log, (log, 16)) = log, (log, (log, 2%)) =1log, (log, (4)) =log, (log, 22) = log, (2)=1.

.~ 1. log logb _ logc
Exa 1 10. I = = 2
oo (l)fb—c c-a a-b

prove that a® . b . c¢=1.

1 1 2
11 + = V.2
(@) If logon " logon  Togyn” prove that b* = ac.

Solution. (i) Let Loga —logh _logc _,

-c c¢c-a a-b
=5 loga=k(b—c);logb=k(c—a);logc=k(a—b)
= aloga+blogb+c10gc=ka(b—c)+kb(c—a)+kc(a—b)=0
= loga®.bb.cc=0=log1=42.pb cc=1
i 1 Tyt 52
(if) Given logan+logcn _logbn

= log,a+log,c=2log,b (Using reciprocal formula)
= log, ac =log, b2

= ac=b?, as required.

Example 11. If a = log, yz, b = logy zx and c = log, xy, then prove that —L

1
T P

I+a 1+b 1+¢
Solution = : = : =
"l+a 1+log,yz logy x +logy yz  log, wz logxyz g
e ] 1
Similarly, T log,,, y and P log,,, 2.




1 A Wi
1+a 1+b 1+c gxyzx+1°gxyzy+1°gxyzz

= logy,, xyz =1.

Example 12. Solve for x:

: log125 _ log(5)® _ 3log5
Solution. (i) log x = log % log51  (-1)log5 =3

1

1
o i | e e

(ii) log, (logz x) =4 = logz x =24 =16 = x = 316,

(iif) Givenlog, 1545 =2-10g,3V5 = log, 155 +log, 345 =2
= log,(15V5 x3V5)=2=l0g,225=2
= log,(15)2=2=2log,15=2
= log,15=1=x1=15=x=15.

(iv) Given log (5x—4)—log(x+1)=1og4

= log =log 4

e 5"’4 S S BEE A S sy o

Example 13. Find the value of x if log,, x — log;, (2x - 1) = 1.

Solution. Given log;qx —logq (2x-1) =1

X =1 = 1 =
= loglozx__1 = e 10 S 10
= D0x—10=x%=19%= IO:x—%

Example 14. Solve the following equations for x:

(i) log, 25-1log, 5 + log, % =2 (i) log, (8x-3)-1log,4=2

Solution. (i) Given log, 25 - log, 5 + log, % =2

25 x — 4

= logx—s-lz— =2 :logxl =2

i 1
= logx(g) =2 =>210gx§=2

1 1

i logx —1=>x1"§3x=§
(i) Given log, (8x —3) —log, 4 =2

8x -3 8x-3

=2=>x%= =4x2=8x-3

= log,

" ”“‘?iﬁ’%&%%ﬁ%&m' i

dlces%and 1.Le

3 log 125
(i) logx= il (ii) log, (logs x) = 4
g5
(iii) log, 155 =2-log, 35 (iv) log (5% —4)— log (x + 1) =

log 4




= 4x2-8x+3=0=>4x2-6x-2x+3=0
=  2x(2x-3)-12x-3)=0 = (2x-3) (2x-1)=0

= 2-3=0,2x-1=0=>x= %,

N|—=

' 21
Example 15. Solve for x: log, x + log, x + log15 X = -

21
Solution. Given log, x + log, x + log, x = e

17 L1 1 _2
logy2 logy4 logyl6 4
21
1 1 I S 1 L

=—=>-———+————'+
108x2+10gx22+10gx24 4 " logy2 2logy2 4logy2 4

= x1/3=2=yx=23=8,
3

52 EXERCISE 2.3
gV Simplify the following:

.. log4 iv) log 27
(i) loga®-loga? (i) loga®+loga?  (iii) 15 o2 (i log V3
2. Evaluate the following:
(i) log (10 + 310) (i) 2+ % log (10-3)

(iii) 21log 103 +3 log 10-2 - % log 5 + % log 4
iv) 2log 2 =t g
(v) 2log2+ log 5 5 log 36 - log 0

16 25 81
v) log2+16log = = o
(v) log2+161log 15+1210g i +7log %
3. Express each of the following as a single logarithm:

(i) 2log 3~ % log 16 + log 12 (i) % log 36 + 2 log 8 - log 1.5

16 25 81
7log — +5log =2 —
(i) 7 log T +5log = +3log 5

4. Ifx = (100F, y = (10000)° and z = (10, express log “2VY
X

)y interms of g, b, c.
Z

5. Ifa=1log %,b:log % andc=210g\jg,findthevalueof

() a+b+c (if) 54+b+c,

6. Given 3 (log 5 -log 3) - (log 5 -2 log 6) =2 - log , find .

7. Given that logyoy + 2 log;x = 2, express y in terms of x.




2 3
2 = i air-h
8. If a> =logjo X, b° =logyoy and By log;(z, express z in terms of x and y.

9. Given that log x = m + n and log y = m - n, express the value of log [—1%{] in terms of
m and n. y

10. Solve for x:
(i) logx +log5=2log3 (ii) loggx—logz2=1
(ii) ;—3;-% X %(;g_\% =2logx.
11. Solve the following equations:
(i) log (2x +3) =log7 (ii) log (x + 1) +log (x - 1) = log 24
(iif) logyo5 +10g19(5x +1) =logyo(x +5) +1
(iv) logyo(x +2) +10gyo(x —2) =log,3 + 3 log; 4.

X —

12. If log >

Y = % (log x + log y), prove that x2 + y2 = 6xy.

13. Ifx2 + y2 = 23xy, prove that log id ; Y= % (log x + log y).
14. Prove the following identities:
TR PITR W | )
(@) logg abc  logy abc  logcabc — 1 (i) logya.logb .log,c =10g; 4.

15. Given that log, x = é, log, x = k. ,log, x = L , find log ;. x.
B ¥

log x

loga

Hint: é =log, x = = loga = a log x etc. and

1 . Jogx: log x
O8abc * = logabe loga+ logb +logc”

16. Solve for x:

(i) logs x +logg x + logg x = % (i) log, x +logg x +logz, x = % 1
Answers

1. () loga (i) % (iii) 2 (iv) 6

i) B :
2. () = (i) = (i) 1 (iv) 2 (@1

3 2 ,
3. (i) log27 (i) log 256  (iii) log 2
4, 1-4a+2b-3c 5. (i) 0 (i) 1 6. 3
e L 9. 1-m+3n
x2 3y

10. () % (i) 6 (i) 1000
1. () 2 (i) 5 (iii) 3 (iv) 14

1B e 16. (i) 3 (ii) 2




